We investigate the potential for the Deep Underground Neutrino Experiment (DUNE) to probe the existence and effects of a fourth neutrino mass-eigenstate. We study the mixing of the fourth mass-eigenstate with the three active neutrinos of the Standard Model, including the effects of new sources of CP -invariance violation, for a wide range of new mass-squared differences, from lower than 10 −5 eV 2 to higher than 1 eV 2 . DUNE is sensitive to previously unexplored regions of the mixing angle -mass-squared difference parameter space. If there is a fourth neutrino, in some regions of the parameter space, DUNE is able to measure the new oscillation parameters (some very precisely) and clearly identify two independent sources of CP -invariance violation. Finally, we use the hypothesis that there are four neutrino mass-eigenstates in order to ascertain how well DUNE can test the limits of the three-massive-neutrinos paradigm. In this way, we briefly explore whether light sterile neutrinos can serve as proxies for other, in principle unknown, phenomena that might manifest themselves in long-baseline neutrino oscillation experiments.
I. INTRODUCTION
It is now established, beyond reasonable doubt, that neutrinos have mass and that leptons mix. In order to further explore the neutrino sector and exploit the oscillation phenomenon, ambitious next-generation, long-baseline neutrino oscillation experiments are under serious consideration, including the Deep Underground Neutrino Experiment (DUNE) proposal in the United States [1] and the HyperKamiokande detector (and accompanying neutrino source in J-PARC) in Japan [2] . The goals of these projects include the search for leptonic CP -invariance violation and testing the limits of the so-called three-massive-neutrinos paradigm (for more see, for example, Ref. [3] ).
The hypothesis that there are three neutrinos, at least two of them massive, and that these interact as prescribed by the Standard Model of electroweak interactions, accommodates almost all neutrino data. There is, however, plenty of room for new phenomena. The unitarity of the leptonic mixing matrix, for example, has not been thoroughly explored * (see, for example, Ref. [4] ). In spite of tremendous experimental progress, little nontrivial information regarding the appropriateness of the three-massive-neutrinos paradigm has been collected over the past seventeen years.
Next-generation long-baseline experiments can probe several different new phenomena, including new, weaker-thanweak, interactions involving neutrinos and charged-fermions [5] that lead to anomalous matter effects, new long-range forces [6] , and the existence of very light new states [7] . Here, we concentrate on the simple hypothesis that there is a fourth neutrino mass-eigenstate of unknown, but very small, mass -m 4 less than a few eV -and assume that there is a nonzero probability that the new neutrino state can be measured as one of the active neutrino states, i.e., we assume the leptonic mixing matrix U to be 4 × 4 and that U α4 , α = e, µ, τ are nonzero. Electroweak precision data require the fourth neutrino flavor-eigenstate not to interact with the W and Z bosons with Standard Model strength, so we refer to it as a sterile neutrino.
We concentrate on this hypothesis for a few different reasons. It is simple and easy to parameterize, and very familiar [7] . Indeed, certain aspects of the effects of sterile neutrinos on different long-baseline experiments have been studied in the recent past (see, for example, Refs. [8] [9] [10] [11] [12] [13] [14] ). Sterile neutrinos are also a very natural and benign extension of the Standard Model and could be a side effect of the mechanism responsible for the nonzero neutrino masses (see, for example, Refs. [15, 16] ). Furthermore, there are the so-called short-baseline anomalies [17] [18] [19] [20] [21] . These might be pointing to more new physics in the leptonic sector, but a convincing, robust explanation remains elusive. Sterile neutrino interpretations to the short-baseline anomalies are, arguably, the simplest explanations of these data. Here, we remain agnostic regarding the new-physics origin of the short-baseline anomalies but, on occasion, will highlight the region of mass and mixing space that is preferred by them. Finally, we would like to explore whether light sterile neutrinos can serve as proxies for other, in principle unknown, phenomena that might manifest themselves in long-baseline neutrino oscillation experiments. This aspect of our analysis will become more clear later.
This paper is organized as follows. In Section II, we review four-flavor neutrino oscillations. Since we are interested in a large range of new mass-squared differences, we pay special attention to the neutrino oscillation probabilities in the limits when the new oscillation frequency is much larger or much smaller than the known oscillation frequencies. In Section III, we discuss in detail the capabilities of DUNE to (a) rule out the sterile neutrino hypothesis assuming the data are consistent with the three-massive-neutrinos paradigm; (b) determine the new mixing parameters assuming there is one sterile neutrino. Here, we assume new mass-squared differences that range from 10 −5 eV 2 to 1 eV 2 ; and (c) diagnose that there is physics beyond the three-massive-neutrinos paradigm assuming there is a fourth mass-eigenstate. In Section IV, we offer some concluding remarks.
II. OSCILLATIONS WITH FOUR NEUTRINOS
We consider a fourth neutrino ν s that does not participate in the weak interactions but that can mix with the other three neutrinos of the Standard Model. The misalignment between the mass-eigenstates ν i (i = 1, 2, 3, 4) and flavor-eigenstates ν α (α = e, µ, τ , s) can be described by a general 4 × 4 unitary matrix parameterized by six angles φ ij (i, j = 1, 2, 3, 4; i < j) and three phases η 1 , η 2 , η 3 . We choose the matrix elements U αi to be: † U e2 = s 12 c 13 c 14 , (II.1) where s ij ≡ sin φ ij , c ij ≡ cos φ ij . The matrix elements not listed here can be determined through the unitarity conditions of U . When the new mixing angles φ 14 , φ 24 , and φ 34 vanish, one encounters oscillations among only three neutrinos, and we can map the remaining parameters {φ 12 , φ 13 , φ 23 , η 1 } → {θ 12 , θ 13 , θ 23 , δ CP }, the well-known mixing parameters that define the standard 3 × 3 leptonic mixing matrix in the three-massive-neutrinos paradigm (using the Particle Data Group convention [22] ). In the limit where φ 14 , φ 24 , and φ 34 are small, the angles φ 12 , φ 13 and φ 23 play roles very similar to those of θ 12 , θ 13 and θ 23 , respectively. We discuss this in more detail in Section III. The best-fit values from Ref. [22] for a three-flavor fit to existing data are sin 2 θ 12 = 0.308 ± 0.017, sin 2 θ 13 = 0.0234
−0.0019 , and sin 2 θ 23 = 0.437
−0.023 ; the CP -odd phase δ CP is virtually unconstrained. The amplitude for ν α to be detected as ν β after propagating a distance L in vacuum is
where ∆ ij ≡ 2.54 ∆m
, and m i is the mass of ν i . The corresponding probability is P αβ = |A αβ | 2 . Eq. (II.10) assumes that the four mass-eigenstates remain coherent over the neutrino's evolution.
‡ The amplitude A αβ for ν α to be detected as ν β is equal to A αβ in Eq. (II.10) with the exchange U αi U * βi ↔ U * αi U βi , for all i = 2, 3, 4. Unless otherwise noted, we will assume that the values of † We ignore potential Majorana phases because they do not affect oscillations in any realistically observable way. ‡ If ν 4 decoheres from the other three neutrinos, then the expression for P αβ is modified by neglecting the interference of the oscillations related to ∆ 14 with those of ∆ 12 and ∆ 13 , cf. Eq. (II.12). Decoherence occurs if, for example, ν 4 is produced incoherently, or, during propagation, the ν 4 wavepacket becomes well-separated from the wavepacket containing ν 1 , ν 2 and ν 3 .
the mass-squared splittings ∆m . We do, however, restrict our analyses to positive ∆m 2 14 , i.e., m 4 > m 1 . In summary, including the fact that we will always assume the normal neutrino mass hierarchy for the mostly active states, our masses are ordered as follows: m 1 < m 2 < m 3 , and m 4 > m 1 . As we vary ∆m 2 14 from very small to very large, we allow for all different mass orderings: m 4 ≤ m 2 < m 3 ; m 2 < m 4 < m 3 ; and m 2 < m 3 ≤ m 4 .
The amplitude simplifies considerably when ∆ 14 1. In this limit, the last term in Eq. (II.10) is small compared to the others, so
Because the experimental normalization uncertainties we will consider are O(1%), the oscillations associated with ∆m § Nonetheless, in this scenario, oscillations can be distinct from those among only three neutrinos. Here, the elements U αi , α = e, µ, τ ; i = 1, 2, 3 do not form a unitary matrix and the number of independent parameters is larger than four, including sources of CP -invariance violation beyond the phase η 1 [13, 14] . We return to this in Sec. III.
When ∆ 14 1 but ν 4 is light enough to be produced coherently in the initial neutrino state, the oscillations of ∆m 2 14 can be too rapid to be resolved by the finite energy resolution employed by the experiment. 
This limit is, as far as measurements of the oscillation probabilities are concerned, equivalent to the decoherence of ν 4 from the other neutrinos. As in the ∆ 14 1 limit, oscillations are in general distinct from those among only three neutrinos. For example, one is, in principle, also sensitive to sources of CP -invariance violation beyond the phase η 1 [13, 14] .
When neutrinos propagate through matter, elastic, coherent, forward scattering modifies the oscillation probabilities in a well-known way. This can be parameterized via an effective potential generated by the background of electrons, protons and neutrons. The Hamiltonian δH αβ that describes neutrino oscillations, in the flavor basis, is [23] δH αβ 1 km
) characterizes the neutral-current interactions, Y e is the electron fraction for the matter background, and ρ is the density of the background.
¶ The signs of A and A are flipped for antineutrinos. The Earth's crust typically has Y e 0.5 and ρ 3 g cm −3 [23] . In the presence of matter, the Hamiltonian is no longer diagonal in the mass basis and the exact expressions for the oscillation probabilities are much more cumbersome. In our analyses, we treat the flavor evolution of the neutrino states numerically.
Our analysis makes use of initially muon-type neutrinos produced in pion decay to study P µµ and P µe . Because of experimental challenges involved in working with τ leptons, we do not consider oscillations into ν τ . * * Consequently, § Note that ∆m 2 12 is close to this limit, i.e., the wavelengths of its associated oscillations are too long to significantly impact oscillations at such an experiment. Nonetheless, sensitivity to the oscillations associated with ∆m 2 12 comes from the interference with the oscillations due to ∆m 2 13 . As we discuss in Appendix A, long-baseline experiments rely on information regarding ∆m 2 12 and θ 12 from other sources, including solar and reactor neutrinos, in order to precisely measure all oscillation parameters. ¶ The zero-point of the potential has been shifted in Eq. (II.13) so that the neutral-current contribution appears with the opposite sign in the sterile-sterile part of the Hamiltonian. * * The study of tau appearance requires neutrino energies above the tau-production threshold for neutrino-nucleon scattering, around 3.4 GeV. Hence, for the energies under consideration here, tau-appearence is severely phase-space suppressed. Furthermore, detectors must be able to identify taus with nonzero efficiency, an issue that is actively under investigation.
we do not expect to learn much about φ 34 , which only appears in the matrix elements U τ i . For long-baseline oscillation experiments with L ∼ O(10 3 km) and E ν ∼ O(1 − 10 GeV), P µµ is mostly sensitivity to φ 24 , while P µe is sensitive to both φ 24 and φ 14 , mostly via the product sin φ 24 sin φ 14 . Therefore, we expect DUNE to have greater sensitivity to φ 24 than to φ 14 . Furthermore, these two channels both depend on the CP -odd phase η 1 , as well as the combination
(II.14)
In order to distinguish the effects of η 2 from η 3 , one requires information regarding U τ i , which, as just argued above, is unavailable in the absence of searches for τ appearance or disappearance.
III. EXPERIMENTAL SENSITIVITY TO A FOURTH NEUTRINO AT DUNE
We investigate the sensitivity of the proposed Deep Underground Neutrino Experiment (DUNE) [1] to a fourth neutrino. We consider that DUNE consists of a 34 kiloton liquid argon detector and utilizes 1.2 MW neutrino and antineutrino beams originating 1300 km upstream at Fermilab, consistent with the proposal in Ref. [1] . We also simulate that the detector has resolution of σ We use the neutrino fluxes and signal reconstruction efficiencies projected by DUNE ( Fig. 3 .18 and Table 4 .2 in Ref. [1] , respectively) and the neutrino-nucleon cross-sections reported in Ref. [24] , and δ CP = 0. The four dominant backgrounds are consequences of muon-type neutrino neutral-current scattering ("ν µ NC"), tau-type neutrino charged-current scattering ("ν µ → ν τ CC"), muon-type neutrino chargedcurrent scattering ("ν µ → ν µ CC"), and beam electron-type neutrino charged-current scattering ("ν e → ν e beam CC"), depicted in Figs. 1(a)-(d). The rates associated with these backgrounds are taken from Ref. [1] . We reproduce the signal and background yields in Ref. [1] for the appearance (P µe ) and disappearance (P µµ ) channels, shown as dashed lines in Figs. 1(a)-(d), i.e., "ν µ → ν e signal 3ν" and "ν µ → ν µ signal 3ν," respectively. In Appendix A, we demonstrate comparable sensitivity to those computed in Ref. [1] .
In order to illustrate the effects of a fourth neutrino, the expected yields along with the three-neutrino yields in Fig. 1 are depicted for sin 2 φ 14 = 0.023, sin 2 φ 24 = 0.030, sin 2 φ 34 = 0, ∆m 2 14 = 10 −2 eV 2 , and η s = 0 ("ν µ → ν e signal 4ν" and "ν µ → ν µ signal 4ν"). We choose the value of ∆m 2 14 such that several oscillations due to the fourth neutrino occur within the energy window of the experiment. Here, the input values of φ 12 , φ 13 , and φ 23 are slightly different from the values mentioned above for θ 12 , θ 13 , and θ 23 , and are chosen so that the values of |U e2 | 2 , |U e3 | 2 , and |U µ3 | 2 are consistent with three-flavor fits to the neutrino data [22] . *
A. Constraining the Four-Neutrino Hypothesis
If the data are consistent with the three-neutrino hypothesis -the three-neutrino scenario outlined above -one can place upper bounds on the values of φ 14 and φ 24 for given values of ∆m 2 14 . We calculate 95% confidence level (CL) exclusion limits for a fourth neutrino in the sin 2 φ 14 -∆m 2 14 and sin 2 φ 24 -∆m 2 14 planes, depicted in Fig. 2 , using the appearance and disappearance channels and assuming running for three years each with the neutrino and antineutrino beams. We include normalization uncertainties of 1% and 5% for the signal and background yields, respectively. Fig. 2 (a) also depicts the results from the Daya Bay [25] and Bugey [26] 
10
−4 eV 2 , none of the experimental probes, including DUNE, can "see" the very long new oscillation length. Nonetheless, since DUNE measures both appearance and disappearance, we can constrain very large values of sin 2 φ 14 as these render the upper-left 3 × 3 mixing sub-matrix unacceptably non-unitary. The same phenomenon can be observed in the sin 2 φ 24 -∆m any discrepancy is negligible after accounting for a 5% normalization uncertainty.
In the sin 2 φ 24 -∆m 2 14 plane (Fig. 2(b) ), we also show results from the MINOS [27] experiment and note that DUNE will be sensitive to lower values of the mixing angle and the mass-squared difference, due to DUNE having greater expected yield and a broader range of L/E ν values. Because the disappearance channels depend strongly on |U µ4 | 2 , and have higher yields than the appearance channels, DUNE has greater sensitivity to φ 24 than φ 14 . We also note that, as expected and discussed in the previous section, if the mass-squared difference is either very small, ∆m 2 14 
−4 eV 2 , or very large, ∆m 2 14 1 eV 2 , the limits are independent of the new mass-squared difference. These ranges correspond, respectively, to ∆ 14 10 −2 , where oscillations due to the fourth neutrino are undetectable over the energy range of the experiment, and to the oscillations associated to the new frequency averaging out over Table I , are denoted by black stars above.
the width of the energy bin at DUNE (here ∆E ν , the width of a bin, is 0.25 GeV). Finally, the sensitivity in the sin 2 φ 24 -∆m plane † in order to compare the DUNE sensitivity to the proposed short-baseline experiment νSTORM [32] , and the current long-baseline experiments MINOS, OPERA, and ICARUS [27, 30, 31] . Additionally, we include the results of the global fit to all neutrino data assuming a four-neutrino scenario, reported in Ref. [33] . This fit includes data from short-baseline experiments, including the short-baseline anomalies discussed earlier. In Fig. 3 , we see that DUNE is sensitive to lower values of ∆m 2 14 than any existing or proposed experiment due to its access to a wider range of L/E ν values.
B. Measuring the New Mixing Parameters
Assuming the existence of a fourth neutrino, we explore the capability of DUNE to measure the new mixing angles and mass-squared difference. We choose three sets of parameters, listed in Table I and denoted by black stars in Figs. 2 and 3, and calculate expected yields for the appearance and disappearance channels. Case 1 is consistent with the global four-neutrino fit performed in Ref. [33] (the red ellipse in Fig. 3 ). Here, ∆m 2 14 is large enough that we † In the limit when oscillations due to the new mass-squared difference are dominant, the appearance channel oscillation probability takes the simple form
The effective mixing angle θeµ is commonly used in the literature for νµ → νe short-baseline appearance searches (see, for example, [27] [28] [29] [30] [31] Additionally, the fit to the 3 + 1 scenario including the short-baseline anomalies, reported in Ref. [33] , is shown. The three sets of four-neutrino parameters we consider in Section III B, listed in Table I , are denoted by black stars above.
expect the oscillations associated to the new (very short) oscillation length to average out at DUNE. Case 2 uses the same mixing angles as Case 1, but with a lower value of ∆m 2 14 . The parameters are within the the reach of DUNE, but outside the reach of current and proposed short-baseline experiments.
‡ Here, ∆m 2 14 is small enough that we expect the oscillations associated to the new oscillation length to be visible at DUNE. Case 3 has a much lower mass-squared difference, ∆m In all three Cases, we assume that the neutrino mass hierarchy for the mostly active states is normal, i.e. ∆m 2 13 = ‡ Note, however, that Case 2 is in slight disagreement with existing bounds from Daya Bay and MINOS, see Fig. 2 . § A recent analysis of solar and reactor data constrain sin 2 φ 14 0.04 [34] . This bound is not depicted in Fig. 2. +2
¶ For completeness, we also assume, in all Cases, sin 2 φ 34 = 0. Gaussian priors are adopted, mostly from solar neutrino data and data from KamLAND, on the solar parameters, |U e2 | 2 = 0.301 ± 0.015 and ∆m 2 12 = (7.54 ± 0.24) × 10 −5 eV 2 [22] . Without these priors, DUNE is mostly insensitive to either ∆m 2 12 or φ 12 . We make use of the Markov Chain Monte Carlo package emcee [35] , which estimates a probability distribution for each fitting parameter. Figs. 11, 12 , and 13 in Appendix B, depict sensitivity contours at 68.3%, 95%, and 99% CL and one-dimensional χ 2 distributions for the ten parameters, for Cases 1, 2, and 3, respectively. Input values from Table I are shown as stars in the two-dimensional plots. Given the fact that the amount of information in Figs. 11, 12 , and 13 is somewhat overwhelming, in order to guide the following discussions, Figs. 4, 5, and 6 depict sensitivity contours at 68.3%, 95%, and 99% CL for a subset of the parameters of interest, for Cases 1, 2, and 3, respectively. Fig. 4 can be excluded from 0 at the 99% CL, while the value of sin 2 φ 14 is consistent with 0 at 68.3% and η s cannot be constrained at the 95% CL. Nonetheless, the CP -odd phase η 1 , which can be more or less trivially associated with the CP -odd phase δ CP in the three-neutrino scenario, is constrained to be nonzero at the 99% CL. As expected, there is very little sensitivity to ∆m Fig. 12 ), and η s are observed at at least the 95% CL, i.e., the fit establishes that none of the new physics parameters vanish. In particular, the values of sin 2 φ 14 , sin 2 φ 24 , and ∆m 2 14 are excluded from zero at the 99% CL. In this case, there is enough sensitivity to the two independent CP -odd phases to establish that not only there are new neutrino degrees of freedom but that there is more than one new CP -invariance violating parameter in the theory. In summary, one can establish that there is new physics beyond the standard paradigm, and that the new physics is CP -invariance violating. is consistent with 0 at 68.3% CL. but, as expected, the data reveal that it is small (∆m 2 14 < 1.6 × 10 −4 eV 2 at the 99% CL). The new CP -odd phase cannot be measured significantly (cf. Fig. 13 ). On the other hand, one can exclude the hypothesis that the "standard" CP -odd phase η 1 is zero, but the sensitivity is worse than what one can achieve if the data were consistent with the three-flavor scenario.
If there is a fourth neutrino mass-eigenstate, the parameters of the fourth neutrino may significantly affect DUNE's ability to measure the mixing angles naively associated with three-neutrino oscillation. For example, as shown in Appendix A and in Ref. [1] , the expected measurement precision for θ 13 assuming a three-neutrino scenario is δθ 13 /θ 13 3%. In Cases 1 and 3, this precision is much worse, δφ 13 /φ 13 10%. In Case 2, however, the precision with which φ 13 can be measured is δφ 13 /φ 13 4%, i.e., similar to the precision obtained in the three-neutrino scenario. This happens because, in Case 2, one can mostly disentangle effects due to the different oscillation frequencies.
C. Testing the Three-Massive-Neutrinos Paradigm
In Sec. III A, we simulated data assuming a three-neutrino scenario and, by analyzing it assuming the four-neutrino hypothesis, were able to constrain the values of the new mixing parameters. In Sec. III B, we simulated data assuming different four-neutrino scenarios and, by analyzing it assuming the four-neutrino hypothesis, were able to constrain or measure, sometimes quite precisely, the new mixing parameters. Here we address a different question: if we were to simulate data consistent with a four-neutrino scenario, would we be able to tell that there are more than three neutrinos? More concretely, would the analysis of the data assuming the three-massive-neutrinos paradigm reveal that the paradigm is incorrect?
To address this question, we fit the expected yields from Case 2, introduced in Sec. III B (see Table I ) assuming the three-neutrino hypothesis. We obtain best-fit values of θ 12 , θ 13 , θ 23 , ∆m 2 12 , ∆m 2 13 , and δ CP , along with associated uncertainties. The precision with which the parameters can be measured is comparable to what would be expected of DUNE if the data were consistent with the three-neutrino hypothesis. We also find, however, that the overall quality of the fit is poor: χ hypothesis cannot mimic the additional oscillations associated with ∆m 2 14 = 10 −2 eV 2 , for any set of values of the three-neutrino parameters. * * Once a bad goodness-of-fit is established, it becomes crucial to identify in which way the three-neutrino hypothesis fails. This can be done in a variety of ways. Here, for illustrative purposes, we try to diagnose the poor goodness-of-fit by splitting the data set into two subsets: the appearance data and the disappearance data, and analyze both subsets separately (combining neutrino and antineutrino data in each case). In both sub-channels, the extraction of θ 12 and ∆m 2 12 is mostly driven by the priors from solar neutrino data, while the disappearance data are mostly insensitive to the CP -odd parameter δ CP . For these two reasons, it is most illuminating to examine the measurements obtained from these two fits in the sin 2 θ 13 -sin 2 θ 23 plane, depicted in Fig. 7 . Fig. 7 reveals that the appearance and disappearance channels favor different values of sin 2 θ 13 and sin 2 θ 23 , with no overlap of the preferred regions at the 68.3% CL. For the appearance channels, the fit has χ 2 min / dof 78/54 (roughly 2σ), and for the disappearance channels, χ 2 min / dof 91/54 (roughly 3σ). The overall four-sigma (very significant) discrepancy, therefore, is, in some sense, the product of a mediocre fit in the appearance channel, a poor fit in the disappearance channel, and the fact that the two subsets of data point to different regions of the parameter space.
The shapes observed in Fig. 7 are easy to understand. In a three-neutrino scheme, the disappearance probability P µµ * * While we concentrate on Case 2 here, we obtain poor fits also by assuming data consistent with Cases 1 and 3, where the new oscillation frequency cannot be explicitly observed. The discrepancy is most significant for Case 2, however. Expected sensitivity contours at 68.3%, 95%, and 99% for neutrino and antineutrino appearance channels (blue, orange, red), and neutrino and antineutrino disappearance channels (green, teal, blue) in the sin 2 θ13 -sin 2 θ23 plane, assuming the data are consistent with Case 2 and analyzing it assuming the three-massive neutrinos paradigm.
depends mostly on the |U e3 | 2 (1−|U µ3 | 2 ). The best fit values translates into the relations sin 2 θ 13 ∼ 0.43(1+sin 2 θ 13 ) or sin 2 θ 13 ∼ 0.57(1+sin 2 θ 13 ), which explains the approximately linear shapes in Fig. 7 . The appearance channels, on the other hand, are mostly sensitive to the product sin 2 θ 13 sin 2 θ 23 , which explains the hyperbolic shape in Fig. 7 . Hence, in order to fit the four-neutrino data, the two different data sets wander towards different best-fit values for sin 2 θ 13 and sin 2 θ 23 as they strive to maintain the different combinations of these parameters constant. In Appendix A, we repeat this analysis, this time simulating data consistent with the three-neutrino scenario. The results are depicted in Fig. 10 . The shapes obtained from the two subsets are similar to those in Fig. 7 , but in this case the two analyses point to the same values of sin 2 θ 13 and sin 2 θ 23 . In summary, not only is the goodness-of-fit poor, it is also possible to ascertain that different measurements of the mixing parameters are inconsistent with one another if one assumes that the three-massive-neutrinos paradigm is correct. There are several other "inconsistency checks" one would perform in order to reveal that new physics is affecting the long-baseline oscillations, including comparing data obtained with the neutrino beam and the antineutrino beam, comparing DUNE data with those from HyperKamiokande (same L/E ν values, but different neutrino energies and baselines), comparing DUNE data with data from "θ 13 " reactor neutrino experiments [36] [37] [38] , medium baseline reactor experiments [39, 40] , atmospheric neutrino experiments (for example, PINGU [41] ), etc.
IV. SUMMARY AND CONCLUSIONS
Very ambitious next-generation long-baseline neutrino oscillation experiments are currently under serious consideration, especially the "superbeam" experiments Fermilab to DUNE in the United States and J-PARC to HyperKamiokande in Japan. Among the goals of these projects are searching for CP -invariance violation in the lepton sector and testing the limits of the three-massive-neutrinos paradigm. Here, we addressed the capabilities of the DUNE experiment to discover a fourth neutrino mass-eigenstate or, instead, constrain its existence, either falsifying or strengthening the three-massive-neutrinos paradigm. While several different new phenomena could manifest themselves at long-baseline neutrino experiments, we chose one new neutrino mass-eigenstate for a few reasons. First, oscillation effects due to a new light neutrino mass-eigenstate are easy to parameterize, and very familiar. Second, light sterile neutrinos are a very natural and benign extension of the Standard Model and could, for example, be a side effect of the mechanism responsible for the nonzero neutrino masses. Finally, the so-called short-baseline anomalies may be interpreted as evidence for new neutrino degrees of freedom so it is possible, even though the evidence is not very robust, that new neutrino states have already been found.
Assuming coherent oscillations, we discuss the oscillation probabilities involving a fourth neutrino for a wide range of values for the new mass-squared difference, including |∆m |, when DUNE is sensitive to the new oscillation frequency. We highlight the fact that, in all three cases, the values of the active elements of the fourth column of the mixing matrix, U α4 , α = e, µ, τ , have a nontrivial impact on the experiment as long as these are large enough. We also discuss the extra sources of CP -invariance violation that arise from phases in the new mixing matrix elements. Given access to the ν e -appearance and ν µ -disappearance channels, we find that DUNE is, in principle, sensitive to two of the three CP -odd phases in the mixing matrix.
We simulate data in the DUNE experiment assuming a 34 kt detector, a 1.2 MW proton beam, and 3 years each of neutrino and antineutrino data collection, exploring different scenarios. If the data are consistent with threeneutrinos (i.e., there are no accessible new light neutrinos) we find that DUNE is less sensitive than, for instance, the Daya Bay experiment when it comes to constraining |U e4 | 2 if |∆m |, DUNE outperforms all current experiments when it comes to constraining new, light neutrino mass-eigenstates thanks, in part, to the broad-band-beam nature of the experiment and the fact that it measures both ν µ disappearance and ν e appearance.
If the data are consistent with the existence of a fourth neutrino, DUNE has the capability to measure the new mixing parameters. This capability, however, depends strongly on the values of the parameters associated with the fourth neutrino, particularly ∆m 2 14 . We find that there are circumstances under which DUNE can not only discover new physics but also establish that there are new sources of CP -invariance violation. We emphasize that, if there is a new neutrino mass-eigenstate, the ν e and ν µ data at DUNE can only explore a subset of the existing parameter space. One of the new mixing angles, and one of the two new sources of CP -invariance violation can only be accessed if one could also study ν τ appearance (or construct a ν τ -beam, a much more challenging proposition).
Improved sensitivity is expected, of course, if backgrounds at DUNE turned out to be smaller than anticipated, if better energy resolution can be achieved, or if one were to optimize the beam energy profile. For example, we find that a 50% background reduction yields O(10%) improved sensitivity to a new neutrino state (e.g., O(10%) stronger constraints in the 4|U e4 | 2 |U µ4 | 2 -∆m 2 14 plane, cf. Fig. 3 ). Access to higher neutrino energies, on the other hand, would allow DUNE more sensitivity to higher values of ∆m 2 14 . We also briefly addressed whether DUNE data could reveal the existence of physics beyond the three-massiveneutrinos paradigm if the data were consistent with the existence of a fourth neutrino. We find that DUNE data are precise enough to reveal that a three-neutrino fit to data consistent with four neutrinos is poor (assuming the new mixing parameters are accessible). We also show that, in this scenario, fits to disjoint subsets of DUNE data point to different regions of the three-neutrino parameter space, another sign of new physics beyond three active neutrinos with nonzero mass. In order to properly diagnose that (a) there is physics beyond the three-massive-neutrinos paradigm, and (b) determine the nature of the new physics, it is very likely that one will need more/better data. We hope to return to these very important issues in a future study of long-baseline neutrino oscillations and new phenomena.
scenario assumes a normal mass hierarchy, i.e., ∆m 2 13 = +2.43 × 10 −3 eV 2 , and that the CP -odd phase is δ CP = π/3. Distributions are sampled using a Markov Chain Monte Carlo (MCMC) method [35] . We find that the measurement precisions of the mixing angles and mass-squared differences are safely comparable to the projected results in Ref. [1] . Throughout, with one exception, our analyses include only data to be collected by the DUNE experiment. We do not include, for example, data from "θ 13 " reactor experiments, [36] [37] [38] nor do we include existing or simulated data from the long-baseline experiments currently in operation [42] [43] [44] [45] . The main reason for this is that we anticipate DUNE data to provide the most significant information when it comes to measurements of sin 2 θ 13 , sin 2 θ 23 , ∆m 2 13 (including the sign), and δ CP . We do, however, include results from solar data and from the KamLAND experiment when it comes to constraining the solar parameters ∆m 2 12 and θ 12 . The reason for this is that DUNE's ability to, in isolation, determine the solar parameters is rather limited. To illustrate this fact, we perform a DUNE-only fit to the DUNE data. The results for a subset of the three-neutrino oscillation parameters (∆m (note the logarithmic scales), it can exclude nonzero values for each parameter, and is still able to observe CP -invariance violation and measure δ CP even if external information on the solar parameters is not included in the data analysis. The uncertainty on δ CP , as expected, is significantly larger (cf. Fig. 8) .
Finally, we repeat the analysis discussed in Sec. III C, where appearance and disappearance channels are analyzed independently, this time assuming the data are consistent with the three-neutrino scenario. Fig. 10 depicts the results. As in Sec. III C, we see that the appearance channel is sensitive to the product sin 2 θ 13 sin 2 θ 23 while the disappearance channel is mostly sensitive to |U µ3 | 2 (1 − |U µ3 | 2 ). Unlike the scenario discussed in Sec. III C (see Fig. 7 ), here the fits to the different data sets are in agreement. Expected sensitivity contours at 68.3%, 95%, and 99% for neutrino and antineutrino appearance channels (blue, orange, red) vs. neutrino and antineutrino disappearance channels (green, teal, blue) in the sin 2 θ13 -sin 2 θ23 plane assuming a three neutrino hypothesis with parameters from Ref. [22] , indicated with a star in the figure.
Appendix B: Four-neutrino Fits to Four-neutrino Data
Here we display the full results we obtain when analyzing the different four-neutrino scenarios (see Table I ) assuming the four-neutrino hypothesis. Figs. 11, 12, and 13 depict the expected sensitivity contours at 68.3% (blue), 95% (orange), and 99% (red) CL at DUNE with six years of data collection (3y ν + 3y ν), a 34 kiloton detector, and a 1.2 MW beam, given the existence of a fourth neutrino with parameters from Case 1, Case 2, and Case 3 in Table I 
FIG. 13:
Expected sensitivity contours at 68.3% (blue), 95% (orange), and 99% (red) CL at DUNE with six years of data collection (3y ν + 3y ν), a 34 kiloton detector, and a 1.2 MW beam given the existence of a fourth neutrino with parameters from Case 3 in Table I . On the far right, one-dimensional ∆χ 2 plots for each parameter display 68.3% (blue), 95% (orange), and 99% (red) CL bounds. Quoted measurement bounds are for 68.3% CL. Results from solar neutrino experiments are included here as Gaussian priors for the values of |Ue2| 2 = 0.301 ± 0.015 and ∆m 2 12 = 7.54 ± 0.24 × 10 −5 eV 2 [22] .
